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AIIS’lRA(”I

An approach to Icns design is dcscribcd  in ~vhich lIE ralio of the group \’clocit! 10 the

speed of li~ht (Ihc group index) in glass is used, ill co]~.junction l+i[h the more familiar phase

index of rcfrac[ion,  10 con[rol certain chromatic propcrlics of a systcIIl of thin Icn.scs  in contact. It

is sho}vn thal at the wt~clcngth  of a mmimum  or nllninmm (where Ihc phiisc  power of a lens is

locally indcpcndcnt  of lfwclcng[ll),  the group powr  is equal to the phase power, ]1 is further

sho~fm that in a lens consisting of three or more clcmcnts, the phase and group powers can k

constr:iincd to k both equal and indcpcndcnt of wavelength (achromatic) at onc or more

wavc]cngths.  1 n the neighborhood of such )~avclcngl  hs, both the fir SI and second derivatives of

phase pcn~cr ~vith respect to wavelength arc m-o, giving this type of lens (in principle) an

cxccplionally high dcgrcc of achromatism  not pI cviously dcscribcd,  herein cal led gyoup-

achromatism. The first-order design of thin-]cns syskms  is illustrated by examples with the help

of ii computer program incorporating the methods dcscribcd

Kcy words: lens design, group velocity, achromatism,  sccondan  color, refraction, dispersion,

op[ical glass. intcrferomctry, ultrashort  pulses
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‘1’hc indc~ of rcfrac(ion  normall} tabul:itcd In glass c:italogs and used in Icns design is,

of course, the phase indcs that ordinar-il}  appears in Sncll’s lmv of Icfrac(ion.  In a glass ~fhosc

(phase) index aI a particular NmclcngIh is p. the phase of a tight sip,nal propagates al the speed

c/p, where c is Ihc speed of light in \acuun]. 110WCVCI, in a dispcrsilc  medium, a ~vaic-packcl or

photon  carries cncrg}  (or in fornurt  ion) at a spwd cfy, the ~,roup velocity 1 “4. where the group

index of rcfrtiction  (Ihc ra{io of the group velocity to c) is related to the phase index through the

diffcrcnlial  cqualion

y = }1 - ~ (dp/dk). (1)

I’wo derivations of I:q. 1 arc given in ihc Appendix. Since dpld}.  is always negative in glass. the

group index for anj glass is always  larger (kin  its phase index (cxccpt  in the \ici nity of a

rcsona ncc).

The diffcrcncc bctwccn lhc t~vo indices p and y is a measure of lhc dispersive pm’cr of

(IIC glass. In lens designs the dispwsi~c power of glass (relative to its refractive power) is

customarily rcprcscnted by the Abbe number or comtringcncc  l’. and the par-lial dispersion P.

cornpulcd  for cxan~plc (for a particular ~t’alelcngth range near Ihc I;rarnhofcr  d Iinc) from (I1c

formulas

\’~ ‘ (~1~- ] )/(}1]  }L(), (h)

1 Iowctcr. II is possible, corl~pt]t;llic)l~:lll) conwnicnt,  and tnstructivc to make cxpllcll usc

of the group index of rcfr:iction of glass to~,clhcr wllh [hc more conventional phase index ]n
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designing achromatic Icnscs. (In (his  :irliclc. Ihc tertn achronlal is n~cant to include :ill I} PCS or

n~uiti-cicnlcnt lenses in }vhich the chronlat}c iariation of pm!cr IS controlled. ) AS will h showm,

it is  possible  [o control  not onl} the poller  of a lens s~’sIcn]  at a sclcctcd  set of discrc[c

~vavcicnghs (as in sl:indard  methods). but also (usi I Ig both ph:isc and group indices) to conlrol

dircclly the location of local maximums or n]inin~ums  (in other worci~ turning points), where the

power of the ]cns is local Iy indcpcndcnt of wavclcngh,  as MCI] as to cent rol the location of

sia[ionar-y points. where bolh the first :ind the second dcriwtivc  of the phase power of a

compound lens is zero.

Tw~.EL~;fvf];N”]’  LENS DI%lGN

‘1’o design a two-clcnlcnt achromal it is cuslomary  to constrain the power of the Icns

combi nal ion at two scpm’atc wavelengths, requiring the lcms to hale the same power at both

~vavclcngths,  Here, we investigate the dcsig,n of a h~ o-clcmcnt  thin-lens achromat in which the

phase power 11 and the group power ~ are required to be equal to each other at one and the same

wavelength.

“1’hc phase power  is the curwturc  of a navcfrorit when it emerges from a lens

illuminated by a distant point source. I’o ~risualilc lhc physical meaning of group power, imagine

the lens to be illuminated by tin extremely short pulse of light from the same distant source. ‘flc

group pcnvcr  is Ihc curvature of the surface of maxi Inure energy density in space, as the pulse

lca~cs the lens. l’hc group power of a single lens clement is always g(catcr than the phase power,

III a lens consisting of more [ban one clement. the group power can h grca[cr  than, smaller than.

or equal [o [he phase pmcr :it diffcrcn[  w:ivclcngth<, depending upon dlc construction of the

lens.

Since the power of [No lhin lenses in contact is the sum of the ~wcrs of the individual

clcmcnls, \vc hal’c for such a lwo-clcmcnl  lens with equal phase and group  pmvcr
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II 1’ (~11-1)1$1 + (}12- 1 )42  ‘ (-y’l- l)+] -f (y?-l)+z, (4)

where tbc subscripts refer (o the first and scconci clcmcnts and + is the di fTcrcncc bc{wccn lhc

mrwlurcs of (hc two sorfaccs of each thin-lens clcmcnt.

If }VC define, an:ilogously  to tbc AbLw.  numbci. a numkr

wc ob[ai n from I;q. 4, aficr some algebra, Ibc rcsull

[)
.

rjfy, --1) =-11 ~; :: ~;

2 I

[1
Y

$$2(’Y2 --1) ‘II ;:~”(;
2 I

(5)

(6a)

((ib)

‘1’hcsc  expressions arc formally sin~ilar  to tbc classical dcfrnilioa of a t\Yo-clcn~cnt

acbromal. cxccpt lbat group indices and Ci numbers arc used in place of phase indices and Abbe

numbers. 1,ikc lbc Abbe number, G measures lhc rcfr.lclivc power rclatiw  10 lhc dispersive pcnvcr

of the glass. In the conventionally designed Icns the power of the achromat will be the same al

the two wavclcngtl~s for which the Abbe numbers M crc calculated (for cxarnplc, the d and F

Iincs), with a turning point somcwbcrc  txt~vccn  thcm in ttlc Icns defined b~ l~q. 4. a tur-ning

poin[ is Iocatcd  al Ihc wa~clcngtb for which lbc plut~c and group indices were calcalatcd,  uhcrc

its pmcr \vill have (Iw spccifrcd value. ~’hc reason for ibis coincicicncc Mill bc clear when the

general case of an N-clcmcn[  Icns is considered.
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‘1’hc (i nombcr  defined b} liq. 5 is proportic)tlal  lo lhc spccllml V nunkr  Vj. defined b~

J I RaYCCS(’.  (IIC rclat ion belwccn  these pat a meters bci ng

Vj+ has the dimension of Icngh,  whereas G is dimcnslonlcss

N-H, EiME:Nl’  l,EiNS D1iSIGN

I/or a ]cns consisting of N thin clcmcnts in contact, the total phase power of the

combination, at lhc jth wa~clcnglh, is

H, == ~(pg -“1)4, ,
,:1

(7)

whi Ic the group pmcr at (I)c same wavclcn~,[h  is

1’ ‘- ~(y –l)(#)
!/ !/

,:1

I f t hc phase and group powers arc constrained to EE mplal al the jth M ;Iwlcngth lhcn

h’

0= L(‘T 7,, ‘- p )4
!/ !f-l’

(8)

(9)

(No{c [Im( if a turning point is [o bc located aI lhc jlh w:ilclcngtli  lhcn bj dcfini[ion.  and using

[lq 7. wc hmc  the condition
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d 11, /dA ‘- )y}l,, /dA)r/) =-0
It

nut bl \ir[uc  of I{q 1. IhIS condition Icads directly to tiq. 9. In otllcr \\ords. a mrnlng point in

phosc powr  i nclil;ibl)  occurs  at the jth wwclcngth  when the pbasc pmf cr is cqml to the group

power there. )

taken over the N clcmcilts. Denoting lhc dimensionless quantity inwhere the summations arc

square tmckcts  b~ Aii, \YC h:ivc. for the g,cncrid form of sccondar)  color

~, ~A,,y,Y =--’ (Ii)
{

/

‘]’his 1} ill bc a minimum or a maxinlum if. in add]tion to the pm tously  dcscribcd  mnstraints

(follo~ving  the st:indard lc:ist sqmrc  proccdurc).  wc require, for an}’ k (k 1.2. 3... N).

(12)
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I;or ihc simplcs[  c:isc of N 2, Ollc can Cxlcnd 1:(] 11

.Y7 =( A;, #12 +2A,,  A),  c#@>, +A:,5,’)  1A 2.,/ /
(13)

111 lhis case it is easily sllol~ H thal either tcrsion  of Iiq 12 lcacls 10 lhc mull

Al ,~, = A,, q52

Making osc of I;qs. 610 constrain the solution for a binary  achromt 10 place a local cxtrctnum :i(

?.j, \vc arrive at tbc result (for ibis case)

A A
II = 21

1’,, – P,, ?’2, ‘- P2,

III general let m define

(14)

(15)

for (Iw ilh clcmcn{. as a measure of Ihc rate of change of dispcrsi\c  pm~cr  \vitll }vavclcngth

relative to the dispersive [xwcr ilsclf. I’hc paramc(cr  @ is proporliorml 10 the spectral rcla[iic

“ tbcrclaliont wingpartial dispersion J’JLdcfir~cdb\  Rayccs .

() ‘ 4A]’
A

@ is dimcnsionicss  tt hcrcas  1’; bas (IIC  dimmsion  of lntcrsc  lcng[b
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I:rom Iiq. 14 it follo}w  that ,smM~[/arI  c(~/~J/ a{ al} cr[w)n~~~~)  M/// bc a m/HimMm if the

two glasses in a binary achromat ha\Jc the salnc \aluc of (il. As is JIVII  known, at ii given El (or

1)) tl~c:i\:lil:iblcr:illgco fG(or]~)i  sc]Liitcsil]:ill.

Rcturiling to the gcnwil  ctisc of N clcil~cn[s. it follo\\s ftoin fiqs, 12 and 11 hit if

secondary color (as the tcrin is here ~iscd)  :it the l!h w:i~clcng(h is :i minimum, then at [hat

wavclcngtb. foranyk,

(16)

Since Ahl is never zero, it follows th:it E;q, I (, is cquitalcnt  to the rcquircmcnt

~4‘A = o.
!/ 1

(17)

‘1’his means that for a given set of glass types in ii lens, M c can clioosc lens curvatures that

minimi~.c  secondary color at some wavclcngh  (sa[is[vlng  Eq. 17). which may also be the location

of a turning point (satisfying F,q. 9), For N>2. this Icavcs N- 2 additional constraints to be

imposed to fully define the lens.

Iiq, 17 states that if the second dcriv:itive. ,S,, of the diop[ric  power of the lens is a

mini inunl at the jlh wavelength, l/w second  derivnl{ IV il$wlf’  i.$ 2CH) al that wivclcnfgh.  ‘fhis

inighl have been cxpcctcd,  given the facl that. since ,\i can be either positive or ncgalivc,  the only

way its absollitc  \alirc  (or ,$’,,2) can be a niinimilm is for.$  itself’ to be ~cro,

1 f t he phase power is cqi]a] to lhc g,roup poM or (so ttuit the ph:ise  Pcnlcr h:is zero slope)

at ).,;, and if the second derivative S, is also zero there, then the jtb u$avclcngth  will be neither a

nvixiinum  i~or a minimiin  point. but the location of [i horizont:i] inflcctioiui] tangent, \vhich

coilld bc called a statioiutry  ~int. at which the sccond(ir}  CO1OI  is mro,

lf it should happen lh:it Elll is the saiiw for :ill of the clcnm[ts  (not casil!’ achieved with

rc:il g]:iss),  thci~ froin liq. 15 it follows that l~q. 17 ~~olild be mcic]}’ a constant multiple of Ilq. 9.
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In tha( case, if I[q. 17 (mini mi~ing sccondar>  color) IS used as a constraint a[ (I)c jtb \wi\Iclcngth,

a stationary point \\il  1 automat ically bc ]oca[cd ihcrc. so [Iui[ I IX] 9 could not bc used as a scpar-alc

consl r:ii nt al Ihc same wa\Jclcngth in this c:isc ( howc\cr, I( could bc used at :i d i f ferent

wi\’clcnglh).

In (I)c IWWclcmcnt  lens considered prc\’iousl), wc mint nli/.cd sccondar-y color (in

princip]c) /hro@)  Ihc imicp[’ndcnt chmcc (!/’g/aw  /\pcs to s:ilisf}  1 ;q. 14, lea\’ing lhc choice of

cur\wturcs of the clcmcnts free to sat is[y the t\\Jo Posslblc design consl r:iints, namely I;qs. 7 and 9

at onc or two wavelengths,

in the dcsigyr of a real lens using real glass it is not gcncrtilty possible to find several

glass t~~s having almos(  the same @ij and sinmltaneously si~,niflc:inlly  differing G numbers (the

latter required to keep the powxs  of (IIC Icns clmcnts from txcomirrg rxccssivcly large).

Ncvcrthc]css,  wc scc thal in a multi-clcmcnt  Icns (N>2), it is possible to climinalc  secondary

color in the neighborhood of a turning point through the indcpcndcnt constraint rcprcscntcd by

Eq, 17. In this cmc, it is desirable to choose glass types in which the @ij values arc as diverse as

possible, maximizing dct[A] (SCC discussion of matrix solution following).

In most applications, although it is possible, it would hardly bc useful to minimize

secondary color (as the term is used here. mcanin~,  the second derivative of lens power with

respect to }vavclcngih) at sornc  wavc]cngth.  unless ll)at \\a\clcngth \vcrc also the location of an

cxt rcmum.

SO1,UTION 01’1 } 1[; MA’] RIX I;QIJAT’ION

For a systcm of N clcmcnts, \vc can impose :i Iotal of N constraints. which may bc of the

form g,i\cn by [jqs. 7.8, 9 or 17 or a combination O( these At Ic:isl onc of the constraints must

spcci(y the pmvcr  of the systcm at some \\ a~rclcngth The syslcm of Iincar equations can bc

cxprcsscd  as a matrix equation
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\vhcrc p is an N-dimensional vcclor  \vhosc components arc ci[hcr /.cv-u (for a cons[minl  cxprcsscd

b} I;cI.  9 or Ilq, 17) or the targeted \Ialucs of the lens po\\cr under cacb other constraint. @ is the

\’cctor of ICM curvatures, I’hc matrix clcmcnts  [Aij] atc (I)c  cocfl’lcim(s of ~), in [~qs.  7. & 9 or 17

depending upm  t bc designer’s choice of tbc jth consli ,iint I’hc solulion is oblaincd by computing

Ihc in\ ’crsc of the N x N matrix A. ‘1’hus

A solution is possible only ifthc glass matrix A is nol singulal.  I,C. only if

(19)

(20)

Oihcrwisc the po\vcrs of the lens clcmcnts would  bc inli nitc.

lo minimize the powers of the lens clcn)cIM  it is desirable to choose glasses such that

ldct[A]l  is as Iargc as possible, or at Icasl not too small. since Iarg,cr dct[Al will keep smaller the

powers of the Icns clcmcnts, The glass matrix is a (unction onl~ of” the pmmclcrs  of the glass,

bill it dots depend upon whclhcr the constraints im] mcd arc of the kind given by f:q. 7, 8, 9 or

17 (or some other kind not explicitly considered Ilcrc). and their \\a\clcnglhs.  A brwc force

a p p r o a c h  to (hc in]lia] sclcctiorr of glass types fol an N-clcmcnt  Icns ~\’ith any gi\’cn set of

constraints, feasible with a computer if the numbw of candidalc p,lasscs is not too Iargc.  would bc

IO ac[ually  calculate the value of ldctl A]l for all M!/((M - N)!N! ) distinct combinations of M

di fTcrcnt candidate glass types. taken N at a iimc. and to hor ~hL’ conl~~inations @’i%  l:wcr

WIUCS. I;or M = 5 I and N = 3. the calculation of ldctlAll for all 20.825 combinations 10 find the

bcsl 20 takes only I\\o minutes on my 25 Mhz laptop compulcl.
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A more intuilivc approach follm~’s  if dell Al !s gI\cn  a gcomclrlc:il interpretation. “1’hus.

for a ?,-clcmcnt achromrt  ccmtraincd  by Ikl, 7 and Ikl 9. ICI

u ]  (~~l-l)i -i () ’l-pl)j a n d  U2  =  (p2-l)i I ()’2-/12)j

lx the pair of [\\o-dil~~cl~si[J1l:il  vcc[ors cwndi ng from Ihc origi n to t hc I\\ro glass points in t hc

plane defined b~ orthogonal trxcs (p-l), (Y-P) in I;i~,urc 1. II \\ ill bc sccl~ [hat the length of the

\’cc(or cross-product u 1 x U2 is just the arm of the p:irallclogr:im (or lwicc the area of the

triangle) defined by the t\vo tcctors.  It is easily showl  (hat Ili I x 112/  is idcn[ical to ldct[A]l.  ~’hc

selection of glass types for lhc achroil~al  will bc oplimizcd by nuixin\i/ing  this :irca, or dct[A]. A

simikir iilicrprctation  applies if, instead of Eq. 9, sonic other sccoi~d constraint is used. l’hc

corrcspmidi  ng functions of glass indica (cvahiatcd a! onc or two IV:ivclcngths)  \vould then

bccoiuc the coordinate axes in a diagram similar to Fif:urc 1.

1 n the case of lhrcc clci~~cnts, a simple gcoinctrical intcrprct:itioi~  is likc\\isc  possible. 1 n

this c:isc three \’cctors u 1, U2 and tt3 from the origii~ rcprcscnt  the coordiilatcs of the three glass

types iil a 3-SP3CC  whose wcs arc the coefficients of cj) iil any three of the constraints (F.qs. 7.8,

9, or 17), onc of whic]i must bc either of the first two. It follows that the triple prochict

111,  x u* ● 1131.

or any Pcrmill:ition  thereof. is the \’ol Lin~c of the three-dimensional p:ir~illclcpipcd  defined by tlic

three vcclors.  and identical 10 Idctl A]l. The sclcctioi~ of glass MM for a lens triplet having given

conslriiints \vill bc optiil~ilcd by m:iking this volume :i$ Iargc as is pr~c[ic:il.

In the general case of N clcmcnts, it can bc cf)njcctilrcd th:it ldct[A]l rcprcscnts ii volilinc

ovhich Ihc lens designer inigbt seek to iwiximizc) in {in N-ditiwilsion:il orlhogoiuil vector space

)vhosc :ixcs dcpci~d Lipon  tlic types ;ii~d \va\’clciiglhs  of lhc coils{ r:iinls iinposcd Lipon  the lci~s.
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Since this is not cas\ or c\cn possible to \isuali/.c,  actual c:ilculation  of dc([Al for laricrus gl:iss

combinations under considmition  may offcl the best ~;uid:incc in this case.

‘1’hc problcm of dcsigninl~ a thin lens consisting of N clcmcn(s  to satis[} N + 1 constraints

t h r o u g h  t h e  iudicitms cll{)icc of’ N glawcs (SUCII a Icns bcitlp, called by I Icr/bcIgcr  ii

supcracllrimmt  i n  (IW c a s e  N  = 3) IMS bccu slu(iicd cxtcnsi\cly.  F(dhwviug,  f(N cxamplc,

IX 1 ,~ssillg{), I I(M1glandlO,  Siglw7 1 lcizbcrgcr  &r MC(’IUIL  .1 lcrAwrgcr  , 11 and Maxwell 12, OUC WCS

IIMI t’tmnally  (I)C pnlblcm can M addressed by cxmsidcring the dcsi~t} of au (N+ 1 )-clcmcu[  lens,

in wl)ich by sclcc[i{m of” N glasm the powci of onc of Ihc clcmcuts  is brougbt 10 mro, or ucarly

so, in whicl) case Ihat clcn~cnI can bc (mitlcd,  I Isins I iq. 19 (his w(nrld bc mcnablc (() H bru[c

l(mc s{du~ion akin I(J tlm cvalua[i(m  of dL!t[A] prc\’iorrsly  discussed, and would bc applicable

under any of (IIC c(mslrainls dcscribcd. Whether such an approach would lead U) in[crcsting

mulls is an open question that is beyond Ihc scope of [his  irl\’cstigalion.

l; XAMPl,tiS

A FOR1’RAN  program for designing multi. clemcn[  thin-lens achrom(its  was crcatcd in

order 10 implement and test (1IC gcrrcral appronch  and specific types of constraints considered in

lhis paper. Scllmcicr cocfllcicrm  for the sclcclcd glasses arc obtained from a computer-readable

form of fhc Scho[( Optical Glass Catalog (supplmcntcd  wrilh special glasses) and used 10

compu[c ph[isc irrdiccs  al the required wavelengths Group indices arc computed by numerical

different iation of lbc phase index wilh rcspccl 10 wavclcngd]  and by using I ;CI. 1. I’hc matrix

] 3 The phase and group powers of the Icnscqualion (1 lq. 18) is soli’cd by slandmd p r o c e d u r e s

combination arc then conlpulcd  olcr a range of wa~clcngths for graphicat display.

~’brcc t>pcs of constraints arc uwd. from among the four  dcscribcd III tbc prcccding

scciion, ‘1 ‘hose used arc summa ril.cd in 1 able 1. I’bcy  can Ix imposed in an? combinti(ion and in

any order up to a [otal of N constrains to define a Icns consisting of N clcmcnk.  pro~idcd the

dioplric power of Ibc icns is defined for at lc:ist onc wnvclcngth  by a [ypc 1 constraint.



[lxamplcs of thin-lens achrom:its  dcsi.gncd  o{illg  {hc method< dcscribcd  arc illustrated in

F’igs. 2-5. l’hc glasses sclcctcd  for lhcsc examples \vcrc chosen \\ lthout consideration of their

spectral (ransnlittancc  and other plpsical  ptoWriics  that might affect their suitability for building

an actual lens, I,ikcwisc. the control of spherical aberration and spllcrf~cl~rol~~:ilisl~~  is ignored

here.

~’hc first example (I;igurc  2 and I’able 2) is a mo-clcmcnt  achromat constrained b~ I:q.

7 to give f = 100 at 600” mu and conslrairicd by I:q. 9 to lmc.  a turning point al 500 nrn. At the

cxt rcmum,  the focal length (f = W. 9275. not indcpcndcnt Iy crml rained) coJnpulcd from llrc

group index is equal to the focal length computed from lhc phase index, in compliance wilh tbc

Iypc 2 constraint applied al 500 m. Note ihat whcr c the phase power of the lens is increasing

with wavelength, the group pcnvcr  is weaker than the phase po\vcr,  and vim vmm. In this and

other examples, at wavelengths far from the stationary point(s). the group power departs

substantially from the phase power of the lens.

The second example (Figure 3 and Table 3 ~ is a three-clcmcnt lens constrained by L3qs,

9 and 17 at 500 mn, where the lens is also constrained by IiI.  7. The three glasses arc those used

5 Here the example illustrates the flexibilityfor illustration of an apxhroma( by Kingslakc-.

afYordcd  by the method under discussion to target the wavelengths of cxtrcnla and stationary

points and, if desired, to control the po\\Jcr of the syslcm at lhosc poi nts.

When the lens in Table 3 is corrcctcd for spbcric:il abcmation  al SO(I m as an F/7.8

ccmcntcd triplet, the dcsi.gn achicvcs :i StI chl ratio of 0.9 or greater for wa\’clcngths  from about

460 m to 570 ml. Over that \vavclcngth  range the chroinatic \wri:ilion of rclaIivc phase-fbca]

lcngt h is :ibout 10-5. This is Icss (li:in the di ffraction dcpt h of fbcus  (:ind therefore of no practical

significance) Liidcss the lens is sc:ilcd to about 780 mm (30 inches) or hirgcr apmurc at F/7. R.

The w:i\clcnglh  range mcr \\hich  the lens is cffccti\’cl.y group-achromatic is considcrablj

smillcr.  so thiit the design could (for an applicatiotl rcqoiring this propcr[y) bc appropriate for a

smaller Icils.



Figure 4 compares the foregoing Icns \~itll a triplcl m:idc of the same materials but

cons(raincd only by [q. 7 at three closely spaced \\a\’ulcngths (480.  5[N) and 520 rim). ‘1’hc rcsulls

arc pract ic:illy the same, but remain fundamental 1! dl (Tcrcnt, 1 f the three J\a\rclcngths arc brought

closer and closer togclhcr, the glass matrix I A ] \\ill bccomc prog,rcssi\rcly  more poorly

condit ioncd unt i 1, in lhc limit, the solution bccon~cs i Ildctcrminatc

I’hc third example (Figure 5 and ‘1’able -1) i IIustratcs the po\\cr  of the matrix approac}l

used here to prc-design chromatically contlollcd  thin Icns s}stcms consisting of many clcmcnts,

in this case eight. In the example, type 2 constraints arc placed tit 500, 600, 700, and 800 nm,

and lhc focal lcnglh of the Icm is 1000 at each of those ~vavclcngths.  (’lc:irl}’. at lcasl for paraxial

rays or in the abscllcc of sphcrochromatism  and other abmations,  such a lcn.s would perform

very \vcll from around 460 to nearly 1000 nn}, if it could bc built to satisfactory tolerances.

DISCLJSSION

l’hc approach to first-order thin lens design considered in this paper might bc called the

Y- II method, since the diffcrcncc bctwccn  the group and phase i ndiccs  is used explicitly in

controlling the wavelength variation of the Icns powcl. In making usc of infinitesimal derivatives

of the phase index }L will) respect to w’avclcngth  instead of glass properties defined as ratios of

Iini[c diffcrcnccs, the method is closely rcl:ilcd (c) thal of Rayccs(’.  1 Io\vc\’cr, the explicit usc of

group indices of refraction in lens design has not bccII dcscribcd  or su~~csicd  prcvious]y as far as

I kno\\. It offers some p:ir(icularly  interesting features ( 1 ) Like Rayccs’s  approach using V?. and

P~L, the y- p method provides a definite, calculable and plqsical  Iy mc:iningfu] measure of the

dispersion of an optical glass at any wavelength, avmding the arbitrariness inherent in classical

glass parameters such as Abbe number and parlial dispersion: (2) the approach Ihcrcforc  affords

a notational and computational sinlplicity WCII suited to il~~plclllcllt[ltio~l in computer programs

(as cxcmplificd in the matrix method dcmonsmitcd here, in which. as sho~vn. the determinant of

the glass matrix. dct [ A 1, has a rigorous y,comctrical intcrp] elation:): (3) b} using Ihc Y- LI



Incthoci.  a cicsigncr c a n  constra]n spccifical]y  Ihc wa\clcng Ihs a[ M hlch l o c a l  cxtrcm and

s[ationarl  Wints occur (~vhc]-c.  as shonm,  tlw phase and group diopll ic po\\’crs of a multi -clcmcnt

lens arc identical). ins[cad of largcting  (I1c pm’cr at neighboring \\a\clcngths  ancl ad.;us(ing  the

stationary points (if ncccssary)  b~ trial and error; and (4) using the )’- // method \\c have sho\vn

tha( secondary color :it an cxtrcnwm can bc nlininli/.cd (mdc /.cIo) in a multi-clcmcnl lens

(N> ’2) bs imposing a dcfinilc indcpmdcnl  constraint im’olving  lhc Cwrlatorcs of the individual

clcmcnts, of the form gi\’cn by Eq. 17.

[1 is interesting to note that. in the neighborhood of such a point (as in Example 2), the

group pcnvcr of the lCOS also has a local cxtrcnwn, so (hat both arc locally indcpcndcnt of

\vavclcngth  (i .c., the lm.v is drr-omatic  am] con focal  in both pho.w atld group pm+vr). Such a

lens seems not to have been dcscribcd  prm’iously.  q’llis special property might bc Icrnwd group-

achron~atism,  for lack of a bctlcr name. In the neighborhood of the \\ avclcngth for \\41ich a lens is

group-achromatic, and only in this case, a photon (or wave pIckc.t of finite Icngth and non-zero

bandwidth) from a distant point source ~vill arrive at [hc focal point not only \vith the same phase

(as required to form a diffraction-limited inlagc), but a( one a~?d (hc .vome tiw. no matlcr where

within the aperture it might have pissed through the lens (in the abscncc  of spherical and other

aberrations). I“his characteristic is normally of no p] actical si,gnilicancc for an imaging systcm,

hut it might bc a consideration in ccrlain applications imrolving broad-band intcrfcromctry where

fringe visibility is an issue, or in systems for focusing ultmshorl Ilgh{ pulses, both being cases

\vhcrc an optical systcm might need to bc exquisitely achromatic.

While (I)c thin lens approximation can bc useful in starling the design of a thick lens.

ultimately the lens must bc optimized by csact  raytracing. I’hc group index of refraction, and the

conccpI of group po\vcr (as WCII  :is group :ibcrrations)  can bc applied in cxacl ra}tracing which

(using in Sncll’s  la\v the group index instead of the phase index) \vIll gi\’c the paths normal to a

surfiicc  of m:ixinlum cncrg,y  density propagating through a systcnl. “1’hus.  it \\ould bc possible to

control grollp-:il~rr;itiolls sclcctivcl} in a thick Icm sys!cm,  using for example CIlatxcl’s adapti\rc

mc[llod of opliminlion  as dcvclopcd  by Ra3’ccs14 and applied ill I{ IKONAI.

16



Apart  from an!  pr;ict ical \aluc lhc )’- 11 method might offer. it clucidatcs, perhaps for

the first time, the ph!’sical  significance of grmlp \clocity  in the performance of a lenss} skw

1 am gra(cful to J, 1.. }layccs for many infornmti\’c  conmwrtions  and for critically

reading an earlier drafl of this article. I thank 1,. Stcimlc and S. Synnolt for seminal discussions

that lcd mc serendipitously to Ihc prcscnl imcstigation.  The work was performed at the Jcl

J’ropu]sion  l,aborator~, \\hich  is operated by lhc (’California lnstitutc  of T’cchnology under ii

contract with the National Aeronautics and Space Administration.
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GROUI” V[;.l O(’l’I’Y  IN (iliOhli:rl’Rl(’AI / 01’’1’1(;S

While the concept of group \clocity  is f:{miliar  in }\a\c  mechanics and clcclrical

cnginccring  (c,g, the thcorj  of transmission lines mi w:i~c g,uidcs), t hc not ion is not ordinari  Iy

cncounlcrcd in the context of geometrical oplics. The following dcri\at ions of I;q. 1 arc offered

for the convcnicncc of the reader,

Consider an al~~plitl]dc-]llodlllatcd  tight signal propagating wi(hin  a dispersive medium,

Assunlc ihc carrier to have :i constant monochromatic frcqucnq o) = 2nv = 27rc/}. radians/see,

while the modulation takes place will] a single frequency Am << m. If the carrier is a linearly

polari~.cd plane wave traveling in the + x direction at spwd c/v. the t ransvcrsc elect ric field can

bc rcprcscntcd as a function of time t and position x b~ the complex amplitude

( A l l )

In ]Lq. A 1.1, c is IIlc speed o!’ light in vacuum, and 1[ is (hc r~>f’r;iclivc index of the n~cdium f’c~r

light of” wavc]cng[h  ).. As shown in (cxttxxks  on I(mricr  analysis, Ihc sinusoi~ia! amplitude

modulation gives rise ({) sidcbancfs  at (Iw f’rcqrrcncics o)+Am :ir~d m Am ahovc an(f below (he

carrier f’rcciucncy, the c(mrsp(m~iing  electric I-lclds having (Iw c(mIplcx  amplitucics

(A1.2)



11 is IIIC an)pliludc  of (IIC Inc)dulalif)n,  a n d  IIIC vari:l[l{)]l (n’ p willl {,) is lakcn in(o accxmnl. ‘1’hc

[()[iil  clcc[ric  I’icld a[ (x, I) is [IIUS

1< ’[’(<”  == 1< ’1’’’’” 4- l’” -i 1;”, (A1.3)

1 lxpandillg  Ihc products of” IIIC quan[itics  ill p:ircnlhlws  in }{q A 1.2.  Ilc.p,lccling  terms of order A

[oA}[, and lac[oring  OUI (I1c carrier si:,nat,  OIIC can write  }il. A 1,3 as

);’(’’’” =(? ’[”(’ ‘p””c) [/4 +-2 Bcc)s(A(J  / -<u Ap i ~ Am ) x / ( ) ] . (A 1.4)

I’hc cosine-term rcprcscnts a signal of amplitude B travcli ng in the + x direction al speed x/t = vg,

the group velocity, where (in the limit as Aw -> O)

[: dp
=/l +-6-! -,

do-)
=7 (AI.5)

1’
$?

nut since &I)/ d?, = (27tc/).2), I.lq, A 1,5 is idcnt ical 10 Eq.  1 I’hc  derivation brings out the fact

that \vhcrcas  a surface of constant phase (a wavcfront)  propgatcs al speed c/p, the information

carried by an :~l~~plil~ldc-~l~odtllatcd  light bmm propagates at a speed dcpcndcnt upon the

\vavclcl~gtll-v:iri;itio~l  of Ihc refractive index of the medium, namely the group velocity c/y.

in a “1’\\ynan-Green intcrfcromctcr  (or an} tlvo-beam intcrfcromctcr)  \vith equal (i.e.

balanced) thick ncssm of dispcrsi\c  matcri:il in the t\\ o arms. \\rhilc-light fringes (fringes of ~.cro

order) can bc observed only if the path Icnglhs in the two arms arc made equal to \\ithin  a

Iolcrancc  [I)a( is approximtcly  equal 10 lhc cohmcncc lcnglh of the l]~,l]t ( - ,\2/A,\).

] ()



‘1’hc fringes of l.cro order wil] disaJ>iw:ir t~’hcn  a dispcrsi\c  plate is introduced into only

onc of the arms 1 lowcvcr, if the bandwidtb is suff]clcntly  nartow or the pla[c sufficiently thin.

the fringes can bc restored by suitably  shoricning  tlIc path lcnglh in air in lhc same arm (or

Icngthcning lhc path in the other). The ainount, Al.. b! \\hich  il is ncccssar~ to shorlcn  (or

Icng[hcn)  Ihc path in air can bc calcu]atcd by the follo\ving physical uonsidcratiom] 5.

I’irst,  suppose that the plate is made of an ilnaginar}  n~fiicrial whose rcfrac[i\fc index p

is the s:imc at all \\avclcng(hs.  In this case, the \vhitc-  light fring,cs will bc restored if the air path

lcngih in (I1c arm containing lhc material is shorlcncd by cxaclly  an amounl (p - 1 )~, w’here f’ is

the thickness of the plate, 1.ct it lx supposed that this adjusimcnt has been made and the fringes

arc again visible in light of flnitc bandwidth ccnlcred at wa\Iclcngth  A().

Next suppose that, without changing the value of the refractive index at i?[]. the

dispersion of the nlatcria] is restored so that du/i’ A is no Iong,c.r  zero, Now, for any two

\va\’clcngths  A I and A2 near A() scpmted by a wavelength dificrcncc o = A 2- A 1, there will

arise a plursc diffcrcncc given by

[ 1-”-27r to dp
A~=--

A dA
o

(A2,1)

Bccausc of Ibis plmc diffcrcncc (or phase gradicnl as a function of wa\’clcngd~),  the light

amplitudes sunmcd  over differing \va\rclcng,ths  \vill no Iongcr  add conslr’uctivcly  to form fringes

of maximum \isibilily.

13ut no~v suppose that an additional air path A bc introduced into the same arm. Bct\vccn

t hc two \\a\’clcngths  previously considcrcd, lhis addil ional air  path will cent ributc a ncw phase

di lTcrcncc given by

(A?.2)

20



II \\ill  k appaI-cm IhaI 10 rcs(orc ccmstl-ucti\c intcrlcrcncc Ihc additional air pall) d s h o u l d  bc

chosen m bc just that required to compensate for the dispersion of the glass plalc: that is.

II foIIo\vs  that

(A2.4)

‘1’hc total air path corrcc[ion  to compensate for [lx introduction of the glass plate is thus

Al, u (p -1)/’ +6 =- (~ –I)t, (A’2.5)

\\hcrc Y is duly gi\’cn by t{q, 1. F’rom  the wave dcri\ation  it \\’as evident that c/Y is the velocity

of propagation of a wave packet. The present dcri~alion shows, then, that fringe \risibility is

rcslorcd  \\4~cn  the paths arc adjusted so that a wave packet or photon tmcrsing the t\\o-bcan~

intcrfcromctcr  arri\’cs  at Ihc dctcdor  simultancousl)  by both paths. ‘1’hc cxpcrimcnl  considered

would pro\idc a direct mcasurcmcnt  of the index Y at ~lo.
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gloss name

}:K 5

};6

t~K S

J;6

Clement

1

2

TABI ,1{ 2

OJrl’l(’Al / (’ONSI’AN’I’S  AN1) (;ONS’I’RUCT’ION  PARAM1:l  1.1{S  1’01<  A

‘J’\V()-I;J/l;MI:  N’J’ 1’} IIN-1.ENS  AC} IROMA1’ (I; XAMP1  [: 1 )

f= 1 ()()

?.. pm }1

().6()()0()0 J .487054

(),6()()0()0 1.635261

(),50()()()0 1.491449

0.500000 1.646817

$ (cwrwilurc)

0.390845 F-ol”

-0.142359B01

Y

1.507505”

1.686472

1.519843

1.724774

1/$ (radius)

0.25 S8S61{+  02

-().7()245 11?+  02

G

24.816301

13,404796

18.307880

9.297117

glass

FK5

W)

Q) constrain

lypc

(),05()234 1

0.1s5191 1

().1()9634 2

(),3X1761 2

glass codc

487704

636353
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‘1 AII1.R  3

OIYI’ICAI  / (“ONSTANTS  ANIJ (’OBSTRUCTION PARAhl} ;’1’!;1<S  J’OR A

‘I’1llllll:-lll .I:MI:NT I’IIIN-I.I;NS  A(’IIROMAT (f XAh41’I/1~ 2)

f= 100”

glass name ).. \llIl ~1 Y (; El

I:K5 0,500000 1.491449 }.51984:{ 18,307880” 0.109634

KY.FS 1 0.sooooo 1,621067 1,679380 1 1.6494W) 0,257418

S]:]5 0.500000 1.712489 1.814297 7.998414 0.s25363

clcmcllt

1

2

3

+ (cmamrc) 1/+ (radius)

().890669E-01 0.11 ?275i3-t02

-(),7548491i-()1 -(). 13?477E+02

(). 1 W994F-()  1 ().543498 E+()2

26

glass

FK5

KA;S1

Sr’ls

glass

code

487704

613443

699.301



Clcmcl)l

1

2

3

4

5

6

7

8

‘1’AFII,li  4

[’ONS’I’RIJCTION  l’ARAMltl”I:RS 1’01{  AN

l: I[ill’I’-I:I  .llM1:N-l’ l’t IIN-l  IiNS  A(’I{ROMA’1’  (liXAM1’I.1:  3)

f 1000

(+

(),2444361 ;-()2

().l1436()31i-()2

().492(,2411-()  I

-().49214 SE-01

-().5 ()7598 F-()1

O. 5002901:-()1

-().1 ()5799} ;-()1

0.2462 (N26E-03

IL+

0,4091051 ;+03”

(). 1 18539E+03

().2( )2995F+  02

-().2()3 194EI 02

-(). 197006E-1 02

0. I 99884E+ 0’2

-().9-15191E1()2

0,4061 S8S711+  04

glass

F’K54

I)K 2

KS

K F3

1,1 *F’2

1 /1’5

1’()

SF59

@lSS  code

437907

518651

522595

515547

541472

581409

636353

952204



(’A[J’[’[ONS  1’() F’I(; (JR1{S

Fig. 1, Plot of ()’-  //) \crsus  (// - 1 ) fbr 203 Schot(  op(ical glasses and (’a1;2 for \\a\clcngIh  500

no]. ‘1’hc vectors u I and U2 conncc(ing the origitl and the coordinates of 1:6 and [; KS,

rcspccti\’cly, define a trianp,[c Jvhosc  area is equal to one-halt’ the \aluc of dctlAl for a Icns

constraimd  by f{qs, 7 and 9 and considered in Uxamplc 1 (SCC lcvd).

Fig. 2. (Example 1 ) Wa\)clcngth  cicpcndcncc of focal Icng[b  in (bin-lens approximation for a 2-

clcmcnt achromat (Table 2) in ~vhictl the focal length is 100 at 600 nrn and constrained to bc a

turning point (indcpcndcnl of wavelength) at 500 ml] by f~q. 9: thus the phase pcnvcr  and the

group power have the same vatuc at 500 nrn, Jn this md other illustrations both the phase focal

length (heavy cur-vc,  from liq. 7) and the group focal length (lighter cunc, from Eq. 8) arc

shown

Fig. 3. (Fixamplc 2) Wavelength dcpendcncc of focal Icngth in thin-lens approximation for a 3-

clcmcnt lens (Table 3). ‘1’hc first and second dcrivati\  cs of power arc constrained by E@. 9 and

17 to bc xcro at 500 m. so that an inflcxion  (where  the lens is achromlic  and confocat in both

phase and group power) is Iocatcd al that wavelength lnsct shows the lens as a ccmcntcd triplet

at F/7,8 corrcctcd for spherical aberration.

Fig  4, (a) l’hc st:itionary region of the gro~lp-acllrol~~[~tic  triplet in fLxamplc 1 (Fig.  3). compared

\\iih (b) a standard triplet made of the same glasses. but constrained only by Hq. 7 to bc confocal

at three discrc(c  \wwclcngths 480, 5(N and 520 m.

MO1{Ii
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I:ig. 5. (I;xamplc 3) Wa\clcngth  dcpcndencc of focal Icng(h in [bin-lc]is aJ~proxin~ation for tin 8-

clcmcnt Icns (Table 4) in \\llich  the focal lcngtbs arc mnstraincd  b} I’q. 7 to Ix 1000 at 500. 6(N,

7(M).  and 800 nm, and also constrained b) Iiq. 9 to hmrc lurning,  points at tbc same four

wavclcngdls.
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